Exam Modeling and Control of Complex
Nonlinear Engineering Systems

April 10, 2014, 14:00 — 17:00 hours

Note: Version for Mathematics students

Make sure that you MOTIVATE your answers!
Don’t forget to put your name and id on every page you hand in.
The exam is *open-book’: you may use the Lecture Notes and all written material.

The final grade is determined by 60 % of this exam, and 40 % of the average of the home-
works.

Good luck!



(Problem 1

(a) Consider the system

g1 = ui

g2 = Uz

g3 = qiuz — qau;
G4 = quz

gs = q5u1
y=4qs3

Show that the system is controllable, while its linearization around any point q1, G2, 43,44, 4s,
i1 = 0, 1> = 0 is uncontrollable.

(b) Show that the system is not locally observable.

Problem 2

(a) Consider a system
= f(x)+gx)u, xeR"uyeckR
y = h(x)
which is passive, with a storage function S(x) > 0 whose n x n Hessian matrix satisfies
9°S

ﬁ(x) >0, forallx.
X

Prove that the system satisfies Lyh(x) # 0 for all x, and therefore is everywhere input-output
linearizable. What is the dimension of its zero-dynamics ?

f(,b)w Consider the system
S | i1 = —x1+k(xp)
Xy = —x1 —2k(x)) +u (D)
y=x

where k : R — R, k(0) = 0 and k'(x2) > 0 for all x,. Show by using the candidate storage
function <\

] V3!
S()C[,)Cz) = E)C%—F A (Z)dZ

that the system is strictly output passive, and that x; = 0,x, = 0 is an asymptotically stable
equilibrium for u = 0.



(c) Consider again the system (1). Suppose one wants to asymptotically track, for an arbitrary

*nitial condition x(0), a given reference trajectory
Vref(t) = arctant, t>0

in the sense that limy;_se. |y(#) — yref(£)| = 0.
Show how to do this using input-output linearization.

Problem 3

(a)

(b)

Consider a nonlinear control system
Y:x=g1(x)u +gx)u, xeR”

with two inputs uy, 5.
Now suppose that u;,u; are not the actual controls but instead their derivatives v| =

1y, vy = up. This leads to the definition of the extended system

X = g1(x)ur +g2(x)uz, xeR"
X, i = v

iy = vy

with to inputs v{,v,, and extended state (x,uy,uz).
Prove that X is controllable if and only if the extended system X, satisfies the strong acces-
sibility rank condition at every point (x,u1,uz).

Try to give arguments why actually the following stronger property holds: X is controllable
if and only if the extended system X, is controllable.

Furthermore, argue that the "bad brackets’ (see Section 3.5.3) do not play a role for the
controllability analysis of X..



Problem 4

Consider the following system

0 wusz —w
= |—-uz 0 wu |x x€R3,
Uy —Uu 0

which describes the dynamics of a rigid body rotating around its center of mass subject to angular

velocities uy, iy, uz around its principal axes (which are assumed to be the control inputs).
(a) Write this system into the form
X=wuBix+urBrx+u3Bax

for the rotation matrices

000 00 =1 010
Bi=1|0 0 1|,Bb=1]000|,B3=|—-100
0 —140 100 000

Prove that the system is not controllable from any point xo € R.

(b) Prove that the reachable set from any point x is equal to the sphere

By = {x € R’ | |lxl| = [lxol}

(c) Prove that the controllability properties of the system are not changed if we take one of the
three control inputs u;, u2, u3 equal to zero. What is happening if we take two inputs to be

zero ?



{L‘E(Oblem 5

Consider a simple voltage-driven RC circuit depicted in Figure 1. Assume that R; > 0 is a linear

resistor, and C' > 0 a linear capacitor. Furthermore, assume that R, is a nonlinear resistor with
characteristic Ry(v.) = v, +v2.

Vs C:) R> C = :_/C

Figure 1: Simple voltage-driven RC circuit.

The dynamical equations are described by

. | 1
CV(): R_IVS_EVC_VC—VE

a) Show that the input vg/R; and the output v¢ is a passive input output pair.

Consider the following function:

1 1
V% + —v% + -v4c.

Glve) = 27¢7 g

2R,

b) Show that (vs/Ry,v¢) is a passive input-output pair).

c) Suppose that vg = 0. Is G(v¢) a possible candidate Lyapunov function? Is the system
stable in the sense of Lyapunov’s direct method? Motivate your answer!



